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Bond charge, point-dipole models are used to derive simple universal relations, 
Koo=0.0435 (KltK22)l/2-O.O086 (K~lKz2), and Koo=O.11 (K11Kz2) 1/2- 
0.0055 (K~I + Kzz), between the bond stretching force constants KI~ and K22 
and bond bending force constant Koo for linear and bent unsymmetrical tri- 
atomic molecules respectively. The relations are shown to be approximately 
valid for a number of molecules. An extension of the models to include charged 
species (ions) in triatomic molecules is also presented and tested, giving good 
results. 
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1. Introduction 

Recently the simple bond-charge (SBC) model has been used [1-9] successfully to 
predict values for force constants in diatomic, triatomic and polyatomic molecules. 
In the present work we describe the use of the SBC model to predict various force 
constants of linear and bent unsymmetrical triatomic molecules, and linear and 
bent triatomic ions. 

The vibrational problem ofa  triatomic system is most often described in terms of a 
quadratic valence force field [10]. The force field is given in terms of the bond 
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stretching force constants Kal and K22, the bond-bond interaction constants 
K12 , Klo , 1(2o and the bending force constants Koo. Following Simons [6] Kl l ,  
K22, K12, K1o, K2o and Koo can be expressed as follows: 

RleK11 +Rz, K m = , (1) 
eq. 

R 2 e K 2 2  -[- le 12 = ~ ]  (2) 
\ 2/eq.  

z / S V \  R~eKloATR2eK2o:~)eq., (3) 

and 

1 forth 
K°° ~- 2Rle R2e ~-/eq," (4) 

Here V -  V(R 1 , R 2 , O) is the electronic potential energy as a function of configura- 
tion; Rae is the equilibrium XY distance and Rze is the equilibrium YZ distance. 

To get an estimate of the force constants on the left side of Eqs. [ 1-4] only V needs 
to be explicitly modeled. 

2. Model for Unsymmetric Triatomic Molecules 

The potential energy is modelled as follows: 1) Place a charge - qxye at the center of 
the XY bond. 2) Place a charge -qyze at the center of the YZ bond. 3) Place a 
charge (qxy+ qyz)e/3 on each nucleus 4) Place a point dipole on the central nucleus 
(to produce non-linear equilibrium geometries). The potential energy V then takes 
the explicit form: 

1 1 2 2  1 2 2  2 2  qyz e 11 10 qyz e qxyqyz e2 qxye 10 qxy qyz e2 
V= 

9 R1 9 R 1 9 Ra 9 R 2 9 R 2 

1 qZye2 , [2qxyqy~+ (1/9)(qxy + qy~)2]e2 

qxY (q~Y + qyz)e2 - qY~(q×Y + qy~)e2 (5) 
1 2 3(R1 + ~ R  2 - R 1 R 2  cos 0) 1/2 3(¼Rl+R22-R1R2 c o s  0) 1/2 2 1 2 

l l  qxye# cos ½0 ~ 1 qy~e/~ cos ½0 
3 R 2 3 R 2 

l lqyze#cos½0 lqxyepCos½0 
3 R E 3 R 2 

Substituting this expression for V into Eqs. (1), (2) and (3), gives qxy, qyz and # in 
terms ofRae, R2e, Kl l ,  K22, K12, Klo and K2o (see Appendix). Then the bending 
force constant Koo may be determined from these values, using Eq. (4). 



Vibrating Unsymmetrical Triatomic Molecules and Triatomic Ions 3 

Table 1. Parameters for the model, and predicted bending 
force constants a 

Koo Koo 
Molecule q~y qyz # (Calc.) (Exptl.) ~ 

OCS 1.97 2.41 0.0 0.22 0.37 
OCSe 2.03 2.27 0.0 0.181 0.29 
SCSe 2.27 2.27 0.0 0.146 0.20 
SCTe 1.72 2.81 0.0 0.099 0.175 
HCN 0.74 2.88 0.0 0.044 0.212 
N20 2.67 1.46 0.0 0.272 0.508 
C1CN 2.04 2.05 0.0 0.182 0.212 
BrCN 1.87 2.14 0.0 0.153 0.183 
ICN 1.77 2.18 0.0 0.124 0.135 
ONF u 2.42 0.76 2.38 0.321 1.00 

(2.44) (1.18) (2.74) (0.555) 
ONC1 b 2.32 0.96 2.56 0.197 0.60 

(2.36) (1.38) (2.93) (0.289) 
ONBr b 2.32 1.06 2.63 0.180 0.46 

(2.34) (1.60) (3.09) (0.262) 

Values calculated using Eqs. (A1-A4) of the Appendix. q~y 
and qrz in atomic units, # in debyes and Koo in millidynes/A. 

b Values in parentheses obtained including K12. 
° Experimental data from Refs. [11-17]. 

The qxy, qyz and # values for several t r ia tomic molecules are given in Table 1. These 
calculations were done assuming Klo~ O, K2o~ 0 for bent  molecules;  for linear 
molecules they are exactly equal to zero. K12 was neglected in Eqs. (1) and (2) 
since it is generally much  smaller than Kl l  and K22. As in all previous calculations, 
the resultant q values appear  to be reasonable measures o f  bond  order.  

The values o f  Koo predicted are also given in Table 1. The agreement  with experi- 
menta l  values is reasonable and the trend within a group is correct. The values o f  
O N F ,  ONC1 and O N B r  are somewhat  low. As these molecules have large K12 
values, o f  the same magni tude  as K22, a large error  is in t roduced by the approxi- 
mat ions  we have made.  The values obta ined when K~2 is included are presented, 
in parentheses, in Table 1. 

3. The Approximations to the Model 

The parameters  q×y, qyz and #, that  were determined th rough  the potential  energy 
given by Eq. (5) and Eqs. (1-3), may  be estimated f rom other  sources. 

3.1. Linear XYX, Z Y Z  in Linear X Y Z  

I f  qxy and qyz are estimated f rom the cor responding  symmetric  tr iatomic molecules 
X Y X  and ZYZ, Eqs. (1) and (2) give the formulas  [7] 
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__ q×y e Kll+K12 37 2 2 
18 R3~ ' (6) 

37 2 2  qyz e 
K22-[-K12=-18 R3 e - (7) 

It should be pointed out that although these relations correspond to the symmetric 
case, one uses the experimental values K~,  K22, K12 , R~ and Rae of the XYZ 
molecule to estimate the bond charges, thus Koo can be predicted from Eq. (5) 
setting #=0. However, one may further assume that R~e ~Rze, leading to a uni- 
versal relationship between Kll,  K22, K12 and Koo; namely, 

Koo=O.O435[(Ka1+Kj2)(K22+Klz)]1/2-O.OO86(Kal +Kzz+2K12). (8) 

If K~ 2 is neglected, this reduces to 

Koo = 0.0435(K~ tK22 )2/2 _ 0.0086(K~ 1 + K22 ). (9) 

For XY 2 molecules, Kit=K22, and Eq. (9) reduces to the relation derived in 
Ref. [7]. 

The form of Eq. (9) suggests other possible formulas, like 

Koo = 0.026(K11K22 )l/Z, (10) 

or  

Koo = 0.02611(K, 1 + K22)] (11) 

These formulas result from taking the geometrical mean or the arithmetical mean 
of K1 a and K22 in the unsymmetrical molecule, and using the proportionality con- 
stant of the symmetrical case [7]. 

The values of Koo predicted from Eqs. (9 1 l) are given in Table 2. The agreement 
with experimental values is quite good. Eq. (9) gives the best results. Calculations 
without assuming Ra~R2e,  are also reported in Table 2 in parentheses. It may 
be seen from these results that the effect of assuming R,~ ~ R2e is small. 

3.2. Bent XYX and Z Y Z  in Bent X Y Z  

As in the foregoing, one uses the values of Ktl and K22 of the unsymmetrical 
molecule in the expressions obtained for the symmetrical case to determine q×y, 
qyz and #; then Koo may be evaluated. However, rather than calculating each 
molecule in particular, we can proceed following Simons and Choc [8] to find a 
universal relationship between Koo, K 11 and K22. Thus again making the approxi- 
mation R1 e'~ R2o, one obtains 

Koo=Gl(Oe)[(K~l+K12)(K22+K12)]l/Z+Gz(Oe)[Kla+K22+2K12]. (12) 

G 1 (0e) and G 2 (0e) are functions of the equilibrium angle defined in the Appendix. 
It is found that for angles between 90 ° and 135 °, which include most triatomic 
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Table 2. Predicted bending force constants from different rela- 
tionships for linear XYZ molecules a 

Koo (Calc.) b'° 
K00 

Molecule Eq. (9) Eq. (10) Eq. (11) (Exptl.) 

OCS 0.283 (0.273) 0.292 0.311 0.37 
OCSe 0.240 (0.229) 0.257 0.290 0.29 
SCSe 0.181 (0.181) 0.180 0.180 0.20 
SCTe 0.150 (0.138) 0.148 0.148 0.175 
HCN 0.255 (0.232) 0.281 0.325 0.212 
N20 0.382 (0.374) 0.384 0.394 0.508 
C1CN 0.215 (0.219) 0.240 0.283 0.212 
BrCN 0.184 (0.191) 0.218 0.273 0.183 
ICN 0.136 (0.151) 0.182 0.255 0.135 
LiCN 0.030 0. t 19 0.254 0.045 
LiNC 0.055 0.123 0.229 0.017 
CsOH 0.046 0.071 0.111 0.020 
RbOH 0.049 0.073 0.111 0021 
NaOH 0.050 0.074 0.111 0.028 

a See text. 
b Ko ° in millidynes/A. Experimental values from Refs. [-11-14]. 
c Values in parentheses obtained using the expressions for sym- 

metric molecules to determine the parameters q~,-r, qrz and/~, but 
without assuming R1e,~R2~ in the expression for Koo (Eq. (A4) 
of Appendix). 

molecules, G~(Oe) and G2 (0e) are slowly varying functions with average values of 
G a (0e)= 0.1100 and G 2 (0e)= -0.0055, therefore Eq. (12) can be written as 

Koo=O.1100[(Kll+Klz)(Kzz+Klz)]l/2-O.OO55[K~a+Ka2+2K12] (13) 

or, if K12 is neglected, 

Koo = 0.1100(K 11 K22)1/2 _ 0.0055(K 11 + K22 ), (14) 

Eq. (14) reduces to the relation derived in Ref. [8] when Kl l  = Kz2. Values of  Koo 
predicted using Eq. (14) are given in Table 3. 

Table 3. Predicted bending force constants from Eq. (14) 
for bent XYZ molecules a 

" See text. Values in parentheses calculated with Eq. (13) of 
the text. 

b Ko ° in millidynes/•. Experimental values from Refs. 
1-15-17]. 

Koo ( Catc. ) Koo b 
Molecule Eq. (14) (Exptl.) 

ONF 0.563 (0.877) 1.00 
ONCI 0.402 (0.649) 0.60 
ONBr 0.374 (0.628) 0.46 
LiON 0.3116 0.255 
FCO 0.753 0.940 
C1CO 0.435 0.240 
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3.3. Diatomics X Y  and YZ in Triatomic X Y Z  

This mode l  uses values o f  qxy and  qyz a p p r o p r i a t e  for the d i a tomic  molecules  X Y  
and  YZ.  Thus K la ,  and  Kz2 and  Koo m a y  be predic ted .  The  expressions  for  qxy and 

qyz are [2 ] :  
4 / k  R3 \ 1/2 

q x y = ~ t ~ )  , (15) 
4 / k  R 3 \1/2 

qyz=~ t ~ )  , (16) 

where  k×y, Rxy and kyz, Ryz are the force cons tan t s  and  equ i l ib r ium dis tances  o f  the 
d i a tomic  molecules  X Y  and  YZ.  Resul ts  us ing this a p p r o x i m a t i o n  are  given in 
Tab le  4. The  values o f  K1 ~ and K22 are ove res t ima ted  in genera l ;  however ,  a good  

es t imate  o f  Koo is ob ta ined .  

Table 4. Predicted stretching force constants and bending force constants using diatomic 
bond charges"' b 

Diatomic 
K11 K11 K22 1(222 Koo Koo 

Molecule q~,y qy~ (Calc.) (Exptl.) (Calc.) (Exptl.) (Calc.) (Exptl.) 

OCS 2.60 2.75 25.8 16.02 11.0 7.86 0.343 0.37 
OCSe 2.60 2.76 25.6 16.02 9.25 6.1 0.285 0.29 
SCSe 2.75 2 .76 11.6 7.86 8.98 6.1 0.216 0.20 
SCTe 2.75 3.49 13.1 5.90 9.40 5.46 0.219 0.175 
HCN 1.25 2.55 11.0 6.23 17.5 18.77 0.232 0.212 
NzO 2.75 2.45 24.1 18.48 24.8 11.83 0.539 0.508 
C1CN 2.27 2.55 6.77 5.15 24.3 16.6 0.255 0.212 
BrCN 1.90 2.55 4.74 4.17 22.3 16.8 0.188 0.183 
ICN 1.56 2.55 2.73 2.94 20.3 16.7 0.128 0.135 

" qxr and qy~ from Eqs. (15) and (16). KlI , Kzz and Koo from Eqs. (A1), (A2) and (A4). 
b qxy and qyz in atomic units. K 11, K2z and Koo in millidynes/A. 

4. Model for Linear Symmetric Triatomic Ions 

F o r  charged  species (XY2) n, Vis mode l l ed  by  p lac ing  charges  + (2q+n)e/3 at each 

a t o m  and - qe at  the midd le  o f  each bond ,  where  n is the charge o f  the ion. The  
po ten t i a l  energy is then given by  the fo rmula ,  

(20q 2 + 8qn- n2)e 2 (20q 2 + 8qn- n2)e 2 
V= 

9R1 9R2 

(22q z + 4qn + n 2 ) e  2 (2q 2 + qn)e 2 
4 (17) 

9(RZ + R 2 -  2Ra R2 cos 0) 1/2 3(R~ + R2 / 4 -  R1R2 cos O) a/z 

(2q 2 + qn)e z 

3(R~/4+R2-R1R2 cos 0) 1/2 

where  Ra and R a are the X - Y  and Y - X  dis tances  and 0 is the Y X Y  angle.  
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Us ing  this express ion for  V in Eqs. (1) and  (4), we get the fo l lowing expressions  for 

a l inear  symmetr ic  ion o f  the type  (XY 2)": 

(74q 2 + 36qn - 5nZ)e 2 
K11 + K1 z = 36R~ (18) 

(70q 2 - 28qn + 9n2)e 2 

Koo = 1296Re 3 (19) 

I f  the molecule  is neu t ra l  ( n = 0 ) ,  Eqs. (18) and  (19) reduce to the results  ob ta ined  
ear l ier  [7].  Eq. (18) has  been used to es t imate  the t r i a tomic  b o n d  charges (q values)  
for  ions;  results  are  given in Tab le  5 a long  with the co r r e spond ing  d i a t o m i c  values.  
I t  can be seen tha t  the two sets o f  values are  similar .  This  is cons is ten t  with the 
n o t i o n  o f  local ized and  re la t ively  i n d e p e n d e n t  chemical  bonds .  

Table 5. Comparison of diatomic and triatomic q values, and predicted bending force constants ~ 

Kll+K12 Koo 

Molecule q (diatomic) q (triatomic) l Exptl. I II Exptl. 

I~ 2.83 2.52 1.24 0.95 0.05 0,04 0.03 
IBr 2 2.78 2.54 1.57 1.28 0.06 0,05 0.04 
ICI~ 2.72 2.49 1.79 1.47 0.07 0,06 0.10 
Br~- 2.68 2.42 1.68 1.33 0.06 0.05 0.02 
BrCI~ 2.54 2.40 1,83 1.61 0~07 0.06 0.11 
HF 2 1.36 1.36 3.71 4.03 0.22 0.23 0.22 
HCI~ 1.63 1.38 2.t9 1.41 0.11 0.08 0.06 
HBr~ 1.70 1.52 2.01 1.37 0.09 0.07 0.04 
N~ 2.73 2.54 17.48 14.90 0.66 0.58 0.58 
NO~ 2.46 2.22 22.18 18.36 0.42 0.34 0.47 
IC1 +b 2.72 1.50 4.30 2.19 0.58 0.18 0.19 
BrF~ b 2.33 1.41 7.63 4.60 0.98 0.36 0.47 
C1F~ b 2.21 1~32 8.36 4.74 0,98 0.38 0.60 
NSC -c 2.55(2.75) 2 .42(2.30)  16.17(14.35) 8.02 (5.34) 0.41 0,335 0.203 
NSO -c 2.55(2.60) 2 .51(2.37)  15.36(14.84) 13.82(11.17) 0.56 0.508 0.501 

a Triatomic q values obtained using Eq. (t8) of text. Diatomic q values obtained from Eq. (15) of text. 
Experimental data from Refs. [ 18-26]. Koo in millidynes/A. Numbers given under I obtained using 
diatomic bond charges. Koo values given under H obtained using triatomic bond charges. 

b Bent molecules, K 12 neglected in these cases. 
e Values in parentheses correspond to the YZ bond. Experimental values from Refs. [11 ]. K a2 neglected. 

The  t r i a tomic  b o n d  charges are used  in Eq. (19) to es t imate  Koo values for the tri- 
a t omic  ions;  results are given under  co lumn  2 in Table  5. There  is g o o d  agreement  
wi th  exper imenta l  results.  

Es t ima t ion  o f  Ki t+K12  and  Koo can also be m a d e  f rom Eqs. (18) and  (19) by 
assuming  d ia tomic  and t r i a tomic  b o n d  charges  (q) to be equal.  Es t imates  o f  K11 + 
K1 a and Koo ob ta ined  using d i a tomic  b o n d  charges  are given under  co lumn 1 in 
Tab le  5, The  pred ic ted  results  aga in  are in reasonab le  agreement  with exper imenta l  
values.  



8 J.L. G~izquez, N. K. Ray and R. G. Parr 

5. Other Triatomic Species and Conclusions 

For  bent symmetrical ions, one just has to place a point dipole on central atoms; 
results for three such species are reported in Table 5. 

The extension of  these models to include unsymmetrical ions is straightforward 
following the models derived in Sects. 2 and 4. Some results are also presented in 
Table 5. 

It may be concluded from the results obtained here and the earlier work, that the 
SBC models are very useful to establish a semiempirical scheme for the estimation of  
the bending force constants, providing simple relations which are justified through 
a physical model. The bending and stretching force constants can be semiquantita- 
tively accounted for using a single electrostatic model with reasonable values for the 
parameters. 

Appendix 

The quantities qxy, qyz, /2 and Koo may be determined in the manner suggested in 
Sect. 1. The equations that result from substituting the potential energy V, Eq. (5) 
into Eqs. (1-4), and evaluating these expressions at equilibrium are as follows: 

RI~K1 a + R2eK12 = 
1 1 2 2  2 2 qxye 10 qxyqyze 2 1 qyz e 

9 R2e + 9 R2~ 9 R~e 

q- qxy(qxy+qyz)e 2 1Rle-R2e COS 0e 
6 1 2 2 0e)3/2 (¼ RI~ + R2~- Ra~R2e cos 

Rle-~-R2e COS 0e qyz(qxy q- qyz) e2 1 
+ 3 2 1 2 (RI~ + ~ R 2 e -  RleRze cos 0e) 3/2 (A1) 

[2qxyqyze2(Rlo-R2. cos 0e)+}(qxy+ 2 2 qyz) e (RI~-- R2e cos Oe)] 
2 2 0e )3 /2  (RI~ + R2 ~ -  2R1~ R2~ cos 

22 qxye# cos ½0e 2 qyze# cos ½0e 
4 

3 3 

_ l-2qxyqyze2 q_ 1 (qxy + qyz) 2e2-] (R2e -- Rle cos 0e) 

(R2  + RzZ~ - 2R1~ R2e cos 0e) 3/2 

22 qxy e# cos ½0e 2 qxye]/cos ½0e 
4 3 R232 3 R3e 

11 2 2 2 2 qyz e 10 qxyqyze 2 1 qxye 
R2eK22 + RleK*2= 9 R222 ~- 9 R2e 9 R2~ 

..}_qyz(qxyW qyz)e 2 ½ R2~- Rle cos 0e 
6 2 1 2 0e)3/2 (Rle+~R2e-RleR2e cos 

q~y(qxyq-qy~)e 2 R2e-½RI~ cos 0e (A2) 
-~ 3 * 2 2 0e)3/2 ( g R l e  -1-- RZe - -  RI~ R z e  COS 
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1 2 2 
[ 2 q x y q y z e 2 + g ( q x y + q y z )  e - ] R l e R e e  s in  0e 

(R~e + R~e- 2RleR2e COS Oe) 3/2 

% qxy (qxy + qyz) e2 R1 e Rze  sin 0e 
6 1 2 2 ( ~ R l e  -t- Ree  - -  R l e  R2e COS 0e)  3/2 

_~ qyz(qxy + qy~) e2 RleRee sin 0e 
6 2 1 2 (Rle+ZR2e-RI~R2e cos 0e) 3/2 

11 q~y e# sin ½0e 1 qyze# sin ½0e 
+ 

6 RZe 6 R2~ 

-~ 11 qy~e# sin ½0e 1 q×ye# sin 10e 

6 RZe 6 RZe ' 

2 2 __ Rle Klo+ R2e K2o  - 

and 
2 2 2 2 2 Koo=Flqxyqyze +F2qxye + F3qyze, + F4#q~re+ Fs#qyze, 

where: 

10 cos Oe(R2e+R~-2RleRz, cos 0 e ) - 3  sin 20eRleR2~ 
F1- 9 (R2e + R2e- 2RleR2e cos Oe) 5/e 

1 cos Oe(¼R~+R~-RleR2e cos Oe) - 3  sin z OeRleRee + - -  
12 1 2 2 0e)5/2 (} R~e + R2~- RI~Re~ cos 

1 cos Oe(R2~ 1 2 0e)_3 sin 20eRleRe~ +zRe~- RI~R2~ cos +--  
12 2 1 2 0e)5/2 (Rle+~Ree-RleR2e cos 

1 2 2 Oe)-~ sin 20eRl~Rze cos Oe(a R 1~ + Rze- RleR2e cos 

and 

1 
F 2 - 1 2  1 2 (¼RI~ + R2~- RI~Reo cos 0e) 5/e 

1 cos Oe(RZ¢+RZe-2RleR2¢ cos 0 e ) - 3  sin 20eRleRz¢ 

18 (R~e-t- R 2e - 2Rle R2e cos 0e)5/2 

2 1 2 0e)--3 sin z OeRloR2e 1 cos Oe(RI~+XRze-RleR2e cos 
F3= 12 e 1 2 0e)5/2 ( R l e  q - ~ R z e  - RleR2e cos 

1 cos Oe(RZe+R~e-2RleRee cos 0 e ) - 3  sin s OeRleR2e 
18 2 2 0e)5/2 (R 1 e + R2 e - 2R, e R2e cos 

l l c o s ½ 0 e  1 cos½0e 
F 4 - 2 4  R3eRee 24 R3~eRle 

(A3) 

(A4) 

(A5) 

(A6) 

(A7) 

(A8) 

l l c o s ½ 0 e  1 cos½0e 
F 5 - 2 4  R3eRIe 24 R3eRze (A9) 

Thus, knowing K11, /£22, Rle and R2e, and neglecting K12, Klo and K2o, the 
parameters q~y, qyz and # may be determined from Eqs. (A1-3), and Koo may be 
estimated from Eq. (A4). 
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To derive a universal relationship in bent unsymmetr ical  tr iatomic molecules, the 
approximat ion  R a e ~ Rze is made,  and the bending force constant  is given by 

Koo=Gl(Oe)[(KIa + Ka2)(K22 + Klz)]l/Z +G2(Oe)[(Kla + Kz2 +2K121 (A10) 

where 

/ /4 [ 1 cos 0e(1 - cos 0e) - 3  sin / 0e 
Ga(Oe)-HaH4-H2H 3 ,16 (½)5/2(1 - cos 0e) 5/2 

1 cos 0e(¼-  cos 0 e ) - 3  sin 2 0e 

+ 6 (¼-  cos 0e) s/2 (A11) 

and 

1 2 cos 0e(1 - cos 0 e ) -  3 sin 2 0e_-] 

9 2 ~ O ~ c c o s  0 ~  ~- J ' 

9 3 - 

and 

H 4 [ 1 cos 0e(¼-  cos 0 e ) -  3 sin 2 0e 

G2(Oe)-HIH4-H2H3 t_12 (¼-  cos 0e) 5/2 

1 2 cos 0e(1 - cos 0 e ) -  3 sin 2 0e 

18 25/2(1 - cos 0e) 5/2 

9 3  
+H1H~_H2H3 5 C°s 2 0e]" 

The functions Ha,  H2,  H 3 and H 4 are 

20 22 2 
Ha = 9 23/2(1 - cos 0e) 1/2 ~- 3(¼-  cos 0e) 1/2' 

2 I/2 . 10 
H 2 -- ~ (1 + cos 0e) a/2, 

22 (1 + cos 0e) 1/2 1 (1-- cos 2 0e) 1/'2 

9 2 s / 2 ( 1 - c o s  0e) t-~ ( -~c~os  0 e - - ~ '  

(A12) 

(A13) 

(A14) 

(A15) 

10 
H 4 -  3.23/2 ( 1 -  cos 0e) 1/2. (A16) 

The functions Ga(Oe ) and G2(0e ) were evaluated for angles between 90 ° and 135 °. 
They  were found to be slowly varying functions,  with average values o f  0.1100 and 
- 0.0055 respectively. 
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